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We study the tunneling probability of a massive (mw) uncharged scalar packet out from a near-
extremal, static charged black hole (with mass M and charge Q . M). We show that there is
indeed a net probability that a massive uncharged particle tunnels out from the black hole so that
the final state (with new mass M ′ ≡ M −mw < Q) does violate the cosmic censorship conjecture.
Nevertheless, the typical time for such a black hole to discharge (i.e, to absorb charge −Q from
its surroundings and then become neutral) is much smaller than the tunneling time; therefore, the
violation is never attained in practice. Even for a completely isolated black hole (should it exist),
the standard time dilation near the horizon stretches the typical violation time scale to unobservable
values.
I. INTRODUCTION
The Cosmic Censorship Conjecture (CCC) states that
every singularity (except the cosmological one) must ap-
pear “dressed” in the universe. This statement was in-
troduced by Roger Penrose [1], meaning that every sin-
gularity (except the Big Bang) in the universe must be
hidden inside an Event Horizon. Mathematically, this
is described by the inequality M2 > Q2 + a2 (in ge-
ometrized unit system), with M being the mass of the
Black Hole (BH), Q its charge and a ≡ J/M its specific
angular momentum. Essentially, these three quantities
determine uniquely a BH, as stated by the no-hair the-
orem [2].
The quest for a definite proof of the CCC remains for
both physicists and mathematicians. For physicists, it
imposes the existence of a “censor” that forbids any sin-
gularity to become visible for any outside observer in the
universe, hiding it behind the Event and Cauchy Hori-
zons (EH and CH, respectively). For mathematicians,
on the other hand, it means that the flux of gravita-
tional and/or electromagnetic radiation diverges once
they cross the Cauchy Horizon [3, 4].
Wald [5, 6] (and references therein) and Needham [7]
agreed that there would be no CCC violation classically,
whereas Hiscock [8] claimed that if the CCC was up-
held, then strange phenomena would appear. Later on,
Hubeny [9] obtained a violation of the CCC by classi-
cally overcharging a near-extremal Reissner-No¨rdstrom
BH and turning it into a naked singularity, while Fe-
lice and Yunqiang [10] turned a Reissner-No¨rdstrom BH
into a naked Kerr-like singularity by overspinning it, to
which Hod [11] replied saying that not only the effects
of backreaction and superradiance must be taken into
account, but also the particle’s self-energy. But it was
within the works of Matsas [12, 13] that the possibil-
ity for a particle (actually, a plane wave) to tunnelate
the BH’s potential barrier via a purely quantum effect
and violate the CCC that brought new light to the dis-
cussion, a consideration to which Hod [14] strongly dis-
agrees. Since then, the question of tunneling the po-
tential barrier — i.e., a quantum violation of the CCC
— was carried on by other researches and it has been,
for the past few years, the main line of research on this
topic [15–18]. Other works have investigated the role of
barrier tunneling in BHs, e.g, the collapse of a charged
shell [19] — which would by itself violate the CCC —
or the quantum nature of the horizon [20] — the latter
with no connection to the CCC.
In the present work we take a step further into the
possibility for a particle to be emitted from the BH via
quantum tunneling process. We first consider a mas-
sive scalar field being absorbed by a static, charged
BH. Solving the Klein-Gordon equation for the given
scalar field, we find a Schro¨dinger-like equation for the
radial part (with an effective potential) that has no an-
alytical solution. To circumvent this problem, instead
of using only a numerical approach or low (or high)
frequency approximation, we also propose a toy model
that is as close as possible to the actual effective poten-
tial and yields an analytical solution to the aforemen-
tioned equation. In the asymptotic limits, we recover
the expected plane waves, that allows us to define the
reflection and transmission rates and identify the latter
(up to a constant factor) as the absorption probability.
We proceed to build a Gaussian wave packet from the
incoming plane waves as a semiclassical representation
of a particle and calculate the absorption probability
for such packet. Using the symmetry of the problem we
can further relate the transmission rate with the emis-
sion probability (that being allowed due a parity trans-
formation of the reflection and transmission rates) and
study the probability for the BH to emit a neutral par-
ticle with mass mw. If the emitted particle is such that
the BH’s new mass M ′ ≡ M −mw < Q, then we have
a violation of the CCC, that is, a naked singularity.
The problem for the absorption of a scalar field by
a BH has already been discussed for numerous papers
throughout the past years [15, 18, 21], but as for a wave
packet is a brand new discussion. Few attempts were
proposed in the past 30 years [22, 23], and very little
has been done about it. We now proceed to explore this
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2problem by building Gaussian wave packets to represent
particles being absorbed/emitted by the BH.
We have also used the Pru¨fer method for a numerical
calculation of the phase-shift, as shown in reference [24],
to validate our toy model method. In a nutshell, this
approach focus on the phase of the wave function and
provides more robust numerical results, as we will see
below.
Throughout this paper, we will set the metric signa-
ture as −,+,+,+, and use the geometrized system of
units where G = c = 1. We also represent every quan-
tity here as being normalized to the BH’s mass.
II. BASIC EQUATIONS
We will study the absorption of a massive scalar field
φ(t, r) with mass mw = µ~ by a Reissner-No¨rdstrom
(RN) BH of mass M and charge Q < M .
The Klein-Gordon equation reads(∇ν∇ν − µ2)Φ(t, r) = 0 (1)
where ∇ν is the covariant derivative, and the metric
describing an empty spacetime structure outside the BH
is given by
ds2 = −
(
1− 2M
r
+
Q2
r2
)
dt2+
1
1− 2M
r
+
Q2
r2
dr2+
+ r2 dθ2 + r2 sin2 θ dϕ2 (2)
Since the metric is spherically symmetric, by means of
the separation of variables for the massive scalar field
where φ(t, r) = R(r)Θ(θ)ei(mϕ−ωt), with m ∈ Z being
the orbital parameter and ω the field’s frequency, we get
for the angular sector Θ(θ) of the Klein-Gordon eq. (1)
the expression bellow:
d2Θ
dθ2
+ cot θ
dΘ
dθ
+
(
A− m
2
sin2 θ
)
Θ = 0, (3)
where A is the separation constant. The solutions for
eq. (3) are easily obtained by the Legendre polynomials
P`(cos θ), leading to A = `(`+1) with ` being the angu-
lar parameter and m is bounded to ` via the inequality
|m| 6 `. The radial part R(r) of eq. (1) then reads
r2
(
1− 2M
r
− Q
2
r2
)
d2R
dr2
+ r
(
2− 2M
r
)
dR
dr
+
+
(
ω2r2 + [(2M − r)r +Q2]µ2
1− 2M
r
− Q
2
r2
− `(`+ 1)
)
R = 0
(4)
Since in this system of coordinates the radial function
is only defined in the interval r+ < r <∞, where r+ ≡
M +
√
M2 −Q2 is the EH radius, we proceed to a
change of variables to the tortoise coordinates where
dr
dr?
≡
(
1− 2M
r
+
Q2
r2
)−1
(5)
with r? ∈ (−∞,∞). The tortoise coordinate as a func-
tion of the radial coordinate is
r?(r) = r +
r2+
r+ − r− log
(
r
r+
+ 1
)
−
− r
2
−
r+ − r− log
(
r
r−
+ 1
)
+ C (6)
where r+ was already identified as the EH radius while
r− ≡M−
√
M2 −Q2 is the CH radius, and C being the
integration constant [25]. Using the tortoise coordinate,
the radial part given by eq. (4) then becomes[
d2
dr?2
+ ω2 − Veff(r)
]
u`m(r) = 0, (7)
where u`m(r) ≡ rR`m(r) and
Veff(r) ≡
(
1− 2M
r
+
Q2
r2
)
×
×
(
`(`+ 1)
r2
+
2M
r3
− 2Q
2
r4
+ µ2
)
(8)
is the effective potential. We point out the (standard)
mixed-coordinate representation (r and r∗) used in the
previous equation.
A. Numerical method
Eq. (7) is a Schrodinger-like equation and, since it is
not analytically solvable for the given effective potential,
we rely on numerical methods to get solutions for the
problem in this subsection (and postpone the toy model
for the next one).
The aforementioned equation can be written as
d
dx
[
P (x)
d
dx
u(x)
]
−Q(x)u(x) = 0, (9)
where x ≡ ωr∗, P (x) ≡ 1/$˜ and Q(x) ≡ Veff(x)/$˜,
with $˜ ≡
√
1− µ˜2 , suitable for the Pru¨fer method,
which we now follow.
First, we write the wave function as u(x?) =∫
G(x′)dx′, i.e, G(x?) ≡ u′/u. The function G(x?),
therefore, obeys the following equation:
G′ +G2 + (1− Veff) = 0, (10)
with G(x? → −∞) ∼ −i as its initial condition (we
recall that there is only the transmitted ingoing wave in
this region).
3In the opposite limit, i.e, x? → +∞, there are both
the incident and the reflected waves:
u(x?) = k exp(−i$˜x?) + r exp(+i$˜x?) (11)
= B sin($˜x? + ξ). (12)
In order to focus on its phase, we define G˜(x?) ≡
θ(x?) − $˜x?. Note that, in the limit x? → +∞, one
arrives at G˜→ ξ. Eq. (7) is now cast as
G˜′ +
(
Veff − µ˜2
$˜
)
sin2(G˜+ $˜x?) = 0. (13)
The required “initial” condition for the equation above
is given by matching G˜ with G at an (arbitrary) inter-
mediate point x∗o:
G˜(x∗o) = −$˜x?o +
i
2
log
(
G(x∗o)− i
G(x∗o) + i
)
. (14)
The value of ξ defines the scattering matrix S` and the
phase shift δ` by
S` ≡ (−1)`+1 r
k
≡ exp(2iδ`), where (15)
δ` = ξ + `
pi
2
. (16)
We have written a C code to calculate the phase shift
and proceed to obtain the reflection and transmission
rates.
In the next subsection, we will arrive at the same
quantities by a different method.
B. Toy Model
As an alternative — and for supporting the results
from the previous approach — we will propose a toy
model which consists in modeling the effective potential
with functions known to allow analytical solutions to
eq. (7) and that are as close as possible to the actual
problem. The effective potential in eq. (8) is plotted in
fig. 1 for different values of the scalar field’s mass µ and
fixed values of the scalar field angular parameter ` and
the BH’s mass M and charge Q.
Our proposal for the toy model will be given by the
following asymmetric piecewise function
Vtoy(r
?) ≡
≡
{
b1 sech
2 [a1(r
? − c1)] , r? 6 r?0(
b2 − µ2
){[
1− e−a2(r?−c2)]2 − 1} , r? > r?0
(17)
where for r? > r?0 we have the Morse potential [26] and
for r? 6 r?0 we have the Po¨schl-Teller potential [27].
Both functions yield analytical solutions when plugged
into eq. (7). The parameters ai, bi and ci, i = 1, 2,
FIG. 1. Plot for the effective potential defined in eq. (8)
for different values for the scalar field’s mass µ. The mass
M and charge Q of the BH are fixed to be M = 1 m and
Q = 0.9M . The scalar field angular parameter is also fixed
at ` = 5M2.
are the potential width, height and coordinate position
of the extrema (highest and lowest), respectively, all in
tortoise coordinates, while r?0 is the point where both
functions connect. To set the parameters a, b and c we
have
c1 ≡ r?(rmax), c2 ≡ r?(rmin) (18)
where rmax and rmin are the values of the r−coordinate
where the maximum and local minimum of the potential
are located, while b1 and b2 given by
b1 ≡ V (rmax), b2 ≡ V (rmin) (19)
are the height of the maximum and depth of the local
minimum, respectively. For the potential widths a1 and
a2, we have chosen a1 to be set by taking the second
derivatives of the actual potential and of the toy model
with respect to r? at each maximum and equating them
both, arriving to
a1 ≡
√− 1
2b1
d2V
dr?2

r=rmax
(20)
while a2 is found together with r
?
0 by imposing the con-
tinuity of the potential and its derivative at r? = r?0 ,
lim
r?→r?−0
Vtoy(r
?) = lim
r?→r?+0
Vtoy(r
?) (21)
lim
r?→r?−0
V ′toy(r
?) = lim
r?→r?−0
V ′toy(r
?) (22)
where the prime denotes the derivative with respect to
r?. This guarantee that the potential will be smoothly
connected at r?0 . Notice that c1 < r
?
0 < c2. The toy
model is plotted along with the effective potential in
fig. 2.
Since the toy model is composed by two analytically
integrable solutions to eq. (7), it is analytical in every
4FIG. 2. Toy model (dashed and dotted lines) along with
the effective potential (solid line) for M = 1 m, Q = 0.9M ,
` = 5M2 and Mµ = 1.1. The local minimum is shown in the
left bottom panel, while the junction point r?0 is represented
by the red dot in the right bottom panel.
quantity calculated, depending only on the choice of
the set of parameters {M,Q, `, µ} and their limitations
(e.g., the existence of the maximum and/or the local
minimum regarding µ, and limits like Q → 0 and/or
` → 0). The asymmetry of the toy model was key to
best model the effective potential that is asymmetric
itself.
The solution to eq. (7) for a scalar field of frequency
ω and the potential given by the toy model is [28, 29]
u
(1)
`m(r
?) = α1
(
1 + y
1− y
)λ/2
2F1
(
ν, 1− ν, 1 + λ; 1 + y
2
)
+
+ β1
[
4
(1 + y)(1− y)
]λ/2
×
× 2F1
(
ν − λ, 1− ν − λ, 1− λ; 1 + y
2
)
(23)
for r? 6 r?0 , where
λ ≡ iω
a1
, ν ≡ 1
2
(
1 +
√
1− 4b1
a22
)
,
y ≡ tanh[a1(r? − c1)] (24)
and 2F1(a, b, c;x) is the Gaussian Hypergeometric func-
tion. For r? > r?0 ,
u
(2)
`m(r
?) = e−z/2
{
α2z
η
1F1
(
1
2
+ η − ζ, 1 + 2η; z
)
+
+β2z
−η
1F1
(
1
2
− η − η, 1− 2η; z
)}
(25)
with
η ≡ iω
a2
, ζ ≡
√
b2
a2
, z ≡ 2ζe−a2(r?−c2) (26)
where 1F1(a, b;x) is the Kummer’s function. The coef-
ficients α1, α2, β1 and β2 are constants to be numeri-
cally determined by the conditions that the solutions are
equal at the junction point r?0 , and so are their deriva-
tives. The complete solution to eq. (7) is then
u`m(r
?) =
u
(1)
`m(r
?), r? 6 r?0
u
(2)
`m(r
?), r? > r?0
(27)
and it is not hard to see that in the limit r? → ±∞,
given the behavior of the Hypergeometric functions [30],
we recover plane waves, as expected:
u`m(r
?) ∼
{
ke−i$r
?
+ re+i$r
?
, r? → +∞
te−iωr
?
, r? → −∞
(28)
where $ ≡
√
ω2 − µ2 . In the asymptotic expansion,
the coefficients k, r and t will depend on the wave’s
amplitudes (that is, αi and βi), the field’s orbital pa-
rameter `, and the BH’s mass M and charge Q. Notice
that the condition of no-outgoing wave from r? → −∞
was already used, i.e., the coefficient of the plane wave
e+iωr
?
was already set to zero (i.e., there are no waves
outgoing from the BH in this case).
The problem is similar to a quantum-tunneling prob-
lem, where we have an incoming, a reflected and a
transmitted waves (although in the standard tunneling
problem there may be an outgoing wave from the left
side, given the appropriate boundary conditions), thus
we might as well use that piece of information to give
meaning to the quantities
Rw ≡
∣∣∣ r
k
∣∣∣2 , Tw ≡ ∣∣∣∣ tk
∣∣∣∣2 (29)
as the Reflection and Transmission rates, respectively,
for the given scalar field of frequency ω. With the con-
servation of flux we get the relation between Tw and Rw
to be Rw + |ω/$|Tw = 1 (the case of an uncharged par-
ticle shows no superradiance where the reflection rate
could be greater than unity). Also, we may calculate
the scattering matrix S` and the phase-shift δ` as usual:
S` ≡ (−1)`+1 r
k
≡ e2iδ` (30)
5Our toy model is in agreement with the results from
the Pru¨fer method in the frequency range and in the
parameter set where both are valid, giving us the con-
fidence to proceed in our calculations.
From now on, we focus on the results from toy model,
which can be extended to smaller frequency values.
III. WAVE PACKET
We will build the Gaussian wave packet in the posi-
tion space as the Fourier transform of an also Gaussian
wave packet in the frequency space, that is
ψ(t, r?) =
∫ ∞
0
ψ˜(ω)e−iω(t+r
?) dω, (31)
ψ˜(ω) =
1
(2piσ˜2)1/4
exp
[
− (ω − ω0)
2
4σ˜2
]
. (32)
Notice that σ˜ is the packet width in the frequency space
while ω0 is its central frequency. The initial condition
gives us the desired Gaussian wave packet in the posi-
tion space,
|ψ(0, r?)|2 = 1√
2pi
exp
[
− r
?2
2σ2
+ iω0r
?
]
, σ ≡ σ˜−1
(33)
but due to numerical limitations, we will be only inter-
ested in the interval ω ∈ (ω0 − 2σ˜, ω0 + 2σ˜) around the
central frequency ω0, so that our integration is done as
ψ(t, r?) =
∫ ω0+2σ˜
ω0−2σ˜
ψ˜(ω)e−iω(t+r
?) dω, (34)
with the same procedure applied to the transmitted and
reflected waves. This was done so that the numerical
integration was less time consuming, but the outcome
is essentially the same since we are taking an interval
of 4σ˜ of a Gaussian packet. For what follows, we have
chosen σ˜ = 0.4 m−1 (we recall that σ˜ is defined in the
frequency space).
We then proceed on defining the reflection and trans-
mission coefficients for the wave packet via
R ≡
∫ r?rp+2σ
r?rp−2σ
|ψr(t0, r?)|2 dr?∫ r?ip+2σ
r?ip−2σ
|ψi(t0, r?)|2 dr?
, (35)
T ≡
∫ r?tp+2σ
r?tp−2σ
|ψt(t0, r?)|2 dr?∫ r?ip+2σ
r?ip−2σ
|ψi(t0, r?)|2 dr?
(36)
where ψi(t, r
?), ψr(t, r
?) and ψt(t, r
?) are the wave pack-
ets for the incoming, reflected and transmitted waves,
FIG. 3. The transmitted (left) and reflected (right) wave
packets in the position space for ` = 5, Q = 0.9M and
Mµ = 1.0. We can see that both packets have pronounced
peaks, located at r?tp for the transmitted packet, and r
?
rp for
the reflected one. This supports the integration over a finite
4σ-interval around each peak and the use of the definitions
for T and R.
respectively (note that ψr and ψt are not necessarily
Gaussian, but it will be sufficient to have a pronounced
peak at some asymptotic r∗ coordinate and concen-
trated around this peak in order for the definitions in
eqs. (35) and (36) to be valid, as shown in fig. 3), and
t0 > 0 is an arbitrary fixed instant in time. The inte-
gration will also be done over an interval of 4σ around
the peak of each packet (to be known, r?ip, r
?
rp and r
?
tp
for the incoming, reflected and transmitted packets, re-
spectively). The results are shown in fig. 4.
In fig. 4, we can see from panel (a) that the transmis-
sion rate is sensible to the choice of the angular param-
eter `. This is expected since it is directly related to the
impact parameter b ∼ (`+ 1/2)/Mω0. In panel (b) we
have different configurations of the charge Q such that
when Q = 0.99M and Q = 0.999M the lines become
almost superposed, meaning that the difference for the
transmission rates is almost negligible. Yet, they are
still different as we are going to show in the next sec-
tion.
In all those configurations we have M & Q — known
as the near-extremal condition for a RN BH. For panel
(c), we notice that different values of the mass µ of
the packet act as a shifter for the transmission rate. In
other words, when µ increases, the curve is displaced
slightly to the right, meaning that less-massive (lighter)
packets are more easily absorbed when compared to
more-massive (heavier) packets with the same central
frequency and parameters M,Q, `.
IV. WAVE PACKET EMISSION AND CCC
VIOLATION
The absorption problem studied before can be seen di-
agrammatically in fig. 5. So far we have been studying
6(a)
(b)
(c)
FIG. 4. Plots for the transmission coefficient T of the wave
packet as a function of the central frequency ω0. In panel
(a) we have the dependency of the T for different values of
the packet’s angular parameter `; in panel (b) we have for
different values of the BH’s charge Q; while in panel (c) we
have different values for the packet’s mass µ.
the problem of an incident wave packet from r? → +∞
impinging on and being scattered by/transmitted to the
BH. This means that in the given configuration the
transmitted packet is actually absorbed by the BH (this
comes from the mapping between r and r?).
Given the symmetry of the problem, we might as well
think “backwards” in the sense that the absorbed packet
becomes the emitted one, and the incident packet be-
comes the boundary conditions on measuring the emit-
FIG. 5. Diagram of the incident, reflected and transmitted
plane waves. The solid line represents the effective potential.
FIG. 6. Diagram of the outgoing, reflected and transmitted
plane waves. Due to this inversion, the transmitted plane
wave is now emitted by the BH.
ted packet by the BH (see Fig. 6). This is only possible
due to a parity transformation of the transmission and
reflection rates while interchanging ω with $, regard-
less of the potential symmetry [31]. This way, we may
calculate the probability of a BH of mass M and charge
Q to emit a neutral packet of mass mw such as the new
mass M ′ ≡M−mw violates the CCC with M ′ < Q and
gives us a naked singularity. Since the packets we have
constructed here have mass around mw = 10
−7 eV/c2,
the difference between M and Q must be as small as
possible. This also means that we are dealing with ex-
tremely light, axion-like particles [32].
Let us consider two initial configurations for the BH.
In the first one, the mass will beM1 and chargeQ, while
the second one the mass will be M2 and same charge
Q. Now, we want the difference between the masses of
both configurations to be as small as possible, that is,
M1−M2 ≡ δM M , where M is a base value for the
mass of the BH, i.e, if we define M1 ≡ M + δM , then
we will have M2 ≡ M . Next, we will impose that the
diference between the mass M and charge Q to also be
as small as possible [33], meaning that M−Q = δ M ,
leading to Q ≡ M − δ. In this case, we have M & Q,
i.e., a near-extreme RN BH. We then define the ratio
between their respective transmission rates as a function
of M as
f ≡ log
[
T (M1) + 
T (M2) + 
]
. (37)
The cutoff factor  is necessary to solve the convergence
7problem when T (M2) goes to zero faster than T (M1)
and the ratio diverges. Note that  must be chosen
as small as possible so it does not interfere with the
values of T . Since T ranges from 0 to 1, then  6 0.1
is a reasonable choice for . We have verified that the
graph of f is robust to changes in the value of  in the
aforementioned range.
We use the parameter f to analyze a possible viola-
tion in the CCC. If f > 0, it means that the former
configuration {M+δM,Q} is more likely to emit a par-
ticle when compared to the latter {M,Q}. On the other
hand, of course, f < 0 means the opposite: the latter
configuration is more likely to emit a particle when com-
pared to the former. If f = 0, the emission probabilities
are the same regardless of δM .
For tiny values of mw ∼ δ, the lighter M2 BH can,
in principle, emit a particle with mass mw and then
become an overcharged BH. This idea is illustrated in
fig. 7.
Given the order of the mass of the packet, we must
choose δ = 10−70M (which is the order of the mass of
the packet converted to geometrized unit system) to ob-
tain a violation of the CCC, but we can see in fig. 8 that
for very small δ (to be known, in the order of δM) will
lead to use floating point precision for machine number
and we will lose information.
To sort out if for small δ the fixed value from which
graph turns into noise has any physical significance, we
have fitted the data within a reliable range of δ where
our calculations ought to be correct. That said, in the
range δ/M ∈ [10−3, 10−1] we found that f may be
written as
f ≈ f(δ) = δM
M
(
a
δ
M
+ b
)
, (38)
with a = −10.7± 0.4 and b = 2.74± 0.02.
We point out that δ is the parameter which tells the
closeness of the BH to become an extreme one. This
result shows us that once both BHs are close to extrem-
icity, the heavier BH is more likely to emit a particle of
mass mw when compared to the lighter one.
Assuming that eq. (38) may be extended to smaller
values of δ, i.e, we may chose δ < mw in order to achieve
a violation of the CCC, according to the scheme in fig. 7.
We have seen above that there is a tiny, although fi-
nite, probability of tunneling and, therefore, overcharg-
ing a BH — or so it seems. Nevertheless, that is not the
only necessary ingredient to actually violate the CCC:
one should also consider two essential factors. First,
the typical discharging time, i.e, the time interval be-
fore a BH loses its charge (since it will attract opposite-
charged particles from an orbiting cloud). Second, the
travel time from the horizon to a typical radius (that
may correspond to, say, the peak of the effective po-
tential, eq. (8), or to the radius circular orbit around
the BH), which will provide — very much like the old-
fashioned description of a nuclear alpha decay [34] —
the order of magnitude of the time interval between two
successive “attempts” of such packet to escape.
We can estimate the former considering a massive BH
such that the distance ∆r from r = 2M to r = 6M (or,
as previously mentioned, any typical radius) is classical,
i.e, ∆r & 10−10 m. That requires M & 10−13M ≈
1017 kg and, for a quasi-extremal case, Q & 107 C —
which corresponds to about 1026 electrons or 10−5 kg,
much less than the BH mass. The proper time[35] of
an outgoing packet (assuming it will be at rest at radial
infinity) is about 1010 shorter than the ingoing time for
the charged particle to cross the same distance (due to
the attractive EM force). Therefore, a charged quasi-
extremal BH would not remain so for the tunneling to
take place.
We also recall that the ingoing charge does not need
to tunnel, as opposed to the outgoing particle. There-
fore, even if the discharging process takes, for some rea-
son, the same amount of time of the outgoing flight, the
tunneling probability of the outgoing packet — which is
∼ 0.03 for such massive BH — will decrease even further
the rate of successful attempts.
V. DISCUSSION
Among numerous papers and works, many of them
have been done about waves being absorbed by the BH
and how they could turn a near-extremal BH into a
naked singularity, as seen in references [21, 24, 36–40].
Nevertheless, very little was done in the sense of a wave
packet representing a particle being absorbed by the
BH, alas being emitted by one.
Even though this is a case study, in the sense that
we are treating a neutral spin-0 particle. The method
itself is really promising because all quantities here are
analytical. The main idea of this work was to propose a
feasible and reliable toy model to study the emission of
particles by the BH without having to restrict ourselves
to narrow frequency bands or particular numerical val-
ues. We have not only recovered all the results from
previous researches, but we also have shown that this
method gives a broader appliance, with all results be-
ing analytical and allowing broader (but not restricted)
frequency bands. No approximations were needed to
obtain any of the results shown here (apart from the
obvious ones in the toy-model potential).
The asymmetry of the toy model is a key element to
approach the problem discussed here once the actual ef-
fective potential is asymmetric itself. After we have con-
structed the toy model with two analytical functions to
solve the Schro¨dinger-like eq. (7), we were limited only
to the choice of the set of parameters {M,Q, `, µ} and
their physical limits. Of course, we could deal with a re-
alistic case of a charged massive packet, but that implies
that the frequency of the field would couple to its own
charge in the effective potential, which would no longer
be independent of the field’s frequency. Therefore, the
8FIG. 7. A “two-level system” scheme of the CCC for the two configurations of the BH. In the left panel we have δ > mw
meaning that the emission of a wave packet of mass mw imposes no danger to the CCC for both configurations. In the right
panel we have δ . mw, meaning that for the second configuration, if M2 emits a wave packet of mass mw there will be a
violation of the CCC. The difference between M1 and M2 in both images is δM .
FIG. 8. Plot of f as a function of δ. Notice that as small as
δ is chosen to be, the plot turns into noise. In this graph, we
have δM = 10−11M . Also, Mω0 = 1.0, ` = 5 and Mµ = 0.8.
very construction of the wave packets themselves would
become troublesome. Nonetheless, the method itself
is a good approximation to the actual potential and
many qualitative and quantitative information can be
extracted from here.
Dealing with a localized wave packet may be a way
of solving the problem of backreaction: the initial con-
ditions of the problem change. Nevertheless, the plane-
wave approach corresponds to an eternal and constant
flux of particles — that is in direct opposition to the
qualitative change in the metric (the violation of the
CCC) which is being searched for. That leads to numer-
ous critics about given solutions to the violation of the
CCC — namely, that the effect of backreaction must be
fully taken into account in order to perceive the problem
in its entirety.
The semiclassical approximation of a particle —
namely, a wave packet — can tell the probability of
absorption each time it is thrown at a BH, since it is
localized in the position space. We also recall that we
have worked in the “safe side” of the metric, i.e., in the
presence of an EH and outside it. We have shown that,
within the numerical precision achieved, the CCC holds
even when we start from closer and closer to an extreme
configuration
It is important to point out that we did not consider
the superradiance effect, where R > 1. We recall [41]
that the superradiance conditions, for a wave with fre-
quency ω and charge q, are qQ > 0 and ω < qQ/r+,
with q being the particle’s charge, In this paper we have
q = 0, thus the conditions become null and we have no
superradiance.
Eq. (37) is the main driver to our conclusions regard-
ing CCC violation. As it was mentioned in the previous
section, f tells us the probability ratio of a particle
to be emitted between two given initial configurations.
The graph in fig. 8 showed us that for small values of
δ a more massive BH is more likely to emit a particle
when compared to a lighter one. For very small values
of δ the graph of f becomes noisy due to floating-point
precision, and for that we have fitted a model within a
reliable range of δ close to zero in eq. (38) which showed
that f > 0, meaning that this tendency is kept through-
out the process.
Even though there is a tiny — but non-null — chance
for the particle to be emitted and violate the CCC by
exposing the singularity, we have calculated the time
required for such emission to happen and compared it
to the typical time for the BH to capture an external
charge and increase the δ difference. We have found out
that the former is greater than the latter. This means
that, even though a particle may be emitted and violate
the CCC, the BH will capture a charged particle faster
than the emission process occurs, which increases the δ
difference and leaves the BH further from extremicity
for the time when the emission takes place.
9VI. CONCLUSIONS
Our method shows promising results regarding the
particle emission from a BH via quantum tunneling pro-
cess. The toy model ended up as an extremely useful
tool to avoid frequency approximations and numerical
analysis as the only means to obtain the desired answers
for a large range of the parameters of the system. The
simplicity of the method allows the use of an everyday
computer with no particular configuration to calculate
complex quantities in matters of minutes with good ap-
proximation and achieve frequency bands as broader as
the machine can reach.
Using wave packets to represent particles is a novelty
in the sense that, up to today, no work has applied this
approach in the violation of the CCC. Besides, only a
few papers have applied toy models to BHs, but in the
sense of its properties and stability in the near-extremal
case [42–44].
In general, as a case study, the method itself and
its results are indeed promising, where much more can
be done from it. The next step is to apply the same
procedure to a neutral, spinning BH.
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